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1. A Difconrfe concerning the Methods of Ap-
proximation in the Extrallion of Surd Roots,
By John Wallis, S. T. D. and Savilian Pro-
feffor of Geometry at Oxford,

/ H E feveral-Methods of Approximation, which have
been mentioned of late Yearsy for Extrading the
Roots of Simple or Affe&ed Equations, gives me oc-
cafion of faying fomewbat of that Subjed. ‘

It is agreed by all, (and, I think, demonftrated by the
Greeks long ago) that if a Number propofed be not a true
Square, it is in vain for ¢o hope for a juft Quadratick Root
thereof, explicable by Rational Numbers, Integers, or Fracted.
And therefore, in fuch cafes, we muft content our felves with
Approximations (fomewhat n¢ar the truth) wichout pretend-
ing to Accuracy.

And fo, for the Cubick Root, of what is not a perfe&
Cube. And the like for Superiour Powers. ' '

Now the Ancients (being aware of this) had their Me-
thods of Approximation in fuch cafes ; whereof fome have
been derived down even to this day. OF which we fhall
{peak more anon.

But fince the Methods of . Decimal Fra&ions (as they are
now wont to be called) have come into Praftice, it hath

been ufual to profecate fuch Extracions ( beyond the place:

of Unites) in the places of Decimal Parts to what Accu-
racy we pleafe; whereby the former Methods of Approaches
have been (not fo much forgotten, as) negleéted.

Not that if fuch Approaches by Decimals were always the
moft fpeedy, or the moft exa&t; (for no Man doubts but that
3 is a more Simple, and more Incelligible Notation of that
Quantity, than o.x2y, or yi35: And }, not only a more Brief,
but 2 more Accurate defignation of the Square Root of 3,
than 0.333333, &) Bur, becaufe Fra&tions reduced to the
Decimal form, are more convenient for fubfequent Opera-
tions, when there s occafion for a further Progge(}i.

Mr. Newton’s Method of Approximation for the Extracting
Roots, even of Affeéted Equations, I have given fome Ac-
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count of in my Englifh Algebra 5 and lomewhat more fully in
the Latin Edition : where I give an Account alfo of Mr. Rapé-
fo’s Method; which I need not here repeat, becaufe it is to
be feen there,.

Since which time, Monfieur Des L'agzy hath publifhed his
Method of Approximation, principally for fingle Equations,
or Extra&ing the Root of a fingle Power.

And M. Halley- hath fince improved this Method, with a
further Advantage; efpecially as to Affeced Equations.

But I need not repeat either of them, becaufe they are
both publitht. That of De L'agny in a Treatife by ic felf;
and that of . Mr. Halley, in the Philsl. Tranfait. Numb. 210,
for the Month of May, 1694.

Thefe may all, or any of them, be of good ufe (each in
their own way) for making more fpeedy Approaches, and
by greater Leaps, in many cafes, than Viers’s Method (pro-
fecuting the Extraéion in Decimal Paris ) purfued and impro-
ved by Mr. Oughtred and Mr. Harrior of our own, and by o-
thers abroad ; efpecially as to Simple Equations, if we fup-
pefe fuch Extraéions to be purfued to the full extent.

As for inftance, if we would Extraét the Root of an im-
perfe& Surfolid, (or a Power of five Dimenfions) to have
its Root true as far as the fixth place of Decimal Parts. In
order to this, we are to add (or fuppofe to be added) fix
Puné&ations of Cyphers, (cr, fix times five Cyphers, that is
Thirty Cyphers) beyond the place of Unites in the Number
propofed. If now we purfue the whole Operation to the
utmoft of thofe Thirty places, the Work would be long and
tedious.

But if we make ufe of Mr. Oughrred’s Expedient, (for Mul-
tiplication, Divifion, Extra&ion of Roots, and other like
Operations, ) by negle&ing fo much of this long Procefs, as
is-afterward to be cut off and thrown away as ufelefs, (which,
i think, is generally pracifed ) the Work will be much ab-
bridged, and the Advantage of the other Methods much lefs
confiderable.

That is, If (for afcertaining the fixth place of Decim:l
Parts) we add fix Cyphers (inftead of thirty ). and one or
two more (the better to fecure what from the confequei
places may in the Operation be tran{mitted hither ;) and p.-
fue the Operation thus far, negleding the following place:

(whic.
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(which aré not likely to influence the Fignre due to the fixth
place of  Decimal Parts of the Root fought:) this long Pro-
cefs 'will ba much fhortned.

And if we further confider, what Preparative Operations
are to be made in' fome of thofe other Methods, before we
come to the prefcribed Divifion for giving the Root defired ;
the Advantage (though confiderable ) will not be fo great as
may at firft be apprehended ; efpecially as to Affe@ted Equa-
tions, in which the Parodical Powers have great Coefficients,
As will foon appear in Praitice, if we come to apply them
to particular cafes.

-But, without difparaging thefe Methods (which are really
confiderable, and well worthy encouragement) that which
1 here intend, is, to fhew the true Foundation of the Me-
thods ufed by the Ancients, (however fince negle¢ted ) and
the jaft Improvement of them. Which though Anciently
fcarce applyed beyond the Quadratick, or perhaps the Cu-
bick Roor, (for wih the Higher Powers they did not much
trouble themfelves ) yet are equally applicable (by due ad-
juftments ) to the Superiour Powers alfo.

I fhall begin with the Square Root: For which the Anci-
ent Method is to this purpofe.

From the propofed Non-quadrate (fuppofe N) fubtra&
(in the ufual manner) the greateft Square in Integers therein
conrained (fuppofe Aq.) The remainder (fuppole B=2 AE
3 Eq) is to be the Numerator of a Fraction, for defigning
¢he near value of E (the remaining part of the Root {oughe
A4 E=+N,) whofe Denominator or Divifor is to be 2 A
(the double Root of the fubtracted Square) or 2A -1
( that double Root increafed by 1) the true value falling be-
tween thefe two; fometime the one, fometime the other ,
being neareft to the true value. But (for avoiding of Ne-
gative Numbers ) the latter is commonly direé&ed.

" This Method Monfieur De L'agny affirms to be more rhan
200 Yearsold: And itisfo; for Ifind it in Lucas Pacciolyus
( otherwile called Lucas de Burgo, or de Burgo Sanili Sepulchrs)
Printed at Pemice in the Year 1494 (if not even fooner than
fo, for I find there have been feveral Edlitions of it.) And
how much older than fo, I cannot tell: For he doth nor
deliver it as a new Invention of his own, but as a received
Pradtice, and derived from the Moors or Arabs, from whom

they
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they had their Algorifm, or Pradtice of Arithmetick by the
Ten Numeral Figures now in ufe.

And- it is continued down hithertb in Books of PraGical
Arithmetick in all Languages, which teach the Extra&ion of.
the Square Root;. and ' (therein) - this; Method - of Approxi-
mation, in cafe of a Non-quadrate.

The true ground of the Rule is this: Aq being (by Cor-
ftru&ion) the greateft Integer Square contained in N, ’tis
evident that E muft be lefs than 1; (otherwife not Aq, but
the Square of A -}- 1, or fome greater than fo, would be the
greateft Integer Square contained in N.) Now if the Re-
mainder B==2 AE -}-E q be divided by 2 A, the Refult will
be too great for E, (the Divifor being too litcle ; for it {hounld
be 2 A4-E, to make the Quotient E.) But if (to reétific
this ) we diminifh the Quotient, by increafing the Divilor,
adding 1 to it, it then becomes too little; becaufe the Divifor
is now toobig. For ( E being lefs than 1) 2 A~ 1 is more
than 2 A4~ E; and therefore.too big.

As for inftance; If the Non-quadrate propofed be N=7,
the greateft Integer Square therein contained is Aq =4 (the
Square of A=2:) which being {ubtra&ed, leaves N—Aq
=¢—4=1=B=2AE 4 Eq. Which divided by
2A =y, gives 1: But divided by 2A+1 =44+ 1=07y,
gives £.. That too great, and this too liitle for E. And there-
fore the true Root (A-+-E=# N) is lefs than 25 == 2.2y,
but greater than 2 § = 2.2 : .And this. was Ancieatly thought
an Approach near enough.

If this Approach be not now thought near enough, the
fame Procefs may be again repeated ; and that as oft as is
thought neceffary.

Take now for A, 2= 2.2, whofe Square is 4.84 = Aq,
{ now confidered as an [nteger in the fecond place of Deci-
mal Parts.). This fubtracted from §.00, (or, whichis the
fame, ©.84 the excefs of this Square abovg the former, from
1 which was then the remainder,) leaves a new remainde:

; , a6 2
B=o.16: which divided by 2 A= 4.4, gives o =1
=0.03636 --, too much. Bufdividedby 2A -1 =27,
icgives 4—1—2 = 77e = 003555 -}, too littdle, . The e Va-
lue (between thefe two) being 2.2.36 proxime, whole Square is
4.999696. C it
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If this be not thought near enough, Subftra& this Square
from §.000000: The Remainder B==o0.000304, divided by
2A==4a.472, or by 2 A--1=4473, gives (either way)
0 000668 —; which added to A =2 236, makes 2.236068—,
fomewhat too big; but 2.236067 - would be much more
too little.

Which gives us the Square Root of ¢, adjufted to the
fixth place of Decimal Parts, at three fteps. And by the
fame Methed, if it be thought needful, we may proceed fur-
ther.

It were eafie to compound the Procefs of two:or more
fteps into one, and give ( for the Rule ) the Refult of fuch
Compofition. Which would make it feem more Intricate
and Myfterious, to amufe the Reader: Bur I choofé to make
it as plain as I can (and therefore keep the feveral fteps fe-
parate, ) that the Reader (for his fatisfaction ) may clearly
fee the true'ground of the Procefs. But of this enough.

Proceed we now to thie Cubick Root. For which (con-
{onant to the Quadratick ) the Rule is this:

‘rom the Non-Cnbick propofed, ( fuppsfe N, ) fubtraé
the greateft Cub: in Integers therein contained, ({uppole Ac:)
the remainder (fuppofc B—=3AqE-}-3AEq-}-Ec,)is
to be the Numerator of a Fraétion fer defigning the value of
E, (the femaining part of the Root fought A--E=+/cN.)
To this Numerator, if (for' the Denominator or Divifor )
we fubjoyn 3 A q, the Refule will certainly be too great for
E, becaufe the Divifor is too little: (For it fhould be
sAq-4 3 AE--Egq, to give the true value of E.) If] for
the Divifor, we take 3A q-} 3 A1, ic will certainly be
woo little, becaufe the Divifor is too great. ( For E, by con-
itru&ion, is lefs than 1.) It muft therefore (between thefe
limits) be more than this lacter. And therefore this lacter
Refule being added to A, will give a Root whofe Cube may
be fubtra&ed from the Non-Cubick propofed, in order to
another {tep.

This Approach I find in Wingare’s Arithmetick, Publifhed
i the Year 1630, and muft therefore be at lealt fo old ;
how much older I cannor tell.

But if, for the Divifor, we take 3 Aq-+ 3 A, (or even
lefs than fo ) the Refult may be too great; or (incafe B be
{mall ) it may be too little, (and oft is fo.)

Which
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Which comes to pafs from hence ; becaufe E (by Con-
firu@ion ) is lefs than x 5 and therefore 3 A E lefs than 3 A5
and perhaps {o much as that the addition of E q will not re-
drefs it. And when it {o happens, 3 Aq-} 3 A, is a beteer
Divifor than 3 Aq-} 5 A 1, (or even fomewhat lefs than
either.) But becaufe-ic doth not always {o happen ( though
for the moft parc it doth)) the Rule doth racher dire& the
other ; as'which doth certainly give 2 Root lefs than the true
value, whofe Cube may always be fubtra@ed from the Non-
Cubick propofed. The defign being to have fuch a Cube as
(being fubtradted) may leave' another B, to be ordered in
like manner for a new Approach.

But, for the moft part, 3 A q may be {afely taken for the
Divifor. For, though the Refult will then be fomewhat too
big, yet the excefs may be {o fmall, as to be neglected ; or, at
leaft, we may thence eafily judge what Number ( fomewhat
lefs than it ) may be fafely taken. And if we chance to take
it fomewhat too big, the Inconvenience will be but this, that
B for the next ftep will be a Negative. Of which cafe we
fhall fpeak anon.

Thus, for inftance ; if the Non-Cube propofed be 9 = N.
The greateft Integer Cube therein contained is 8 = A,
(whofe Cubick Root is A==2.) Which Cube fubtra&ed,
leaves 9—8 =3 =B=3AqE-}-3AEq-}Ec This
divided by 3Aq = 12, gives ;; = 0.08333 -}-, too big for E.
But the fame divided by 3Aq 4+ 3A - 1 =12+ 64 1=19,
gives £; = 0.05263 |-, too litele. Or if but by 3Aq--3A
=12 - 6=18, it gives ;3 =% =o0.05555 -~ yet too
little. .For the Cube of A+~ 0.06,=—=2.06, is but 8.742 —,
which isfhortof 9. And fo much fhortof it, that we may
fafely take 2.07 as not too big: Or perhaps 2.08, ( whichif
it chance to be too big, it will not be much too big ; of which
cafe we are to {peak anon:) And, upon tryal, it will be
found not too big ; for the Cube of 2.08, isbut 8.998912.

If chis firft flep be not near enough ¢ This Cube {ubtracted
from g.000000, leaves a new B=—=0.001088, which divided
by 3Aq=: 12.9796, gives 0.000084 — ; which will be fome-
what too big, but not much. (For E is now fo {fmall, as that
3AE may be fafely neglected, and Eq much more. ) So that
if t0 2.08, we add 0.000084 —, the Refult 2.080084 wili be
too big, but 2.080083 will be more too little. ( As will ap-

Ca pear
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pear if we take the Cobe of each.) So that either of them,
ac the fecond ftep, gives the ' true Root within an Unite in
the fixth place of Decimal Parts’ .

" But when I fay, Taking the Cube of each, (which I do, that
the thing may be more clearly apprehended) it is not neceffa-
ry-that we trouble our felves with the whole Cube. For, Ac
being already fubtracted,for finding B—3AqE-}-3AEq--Ec,
we have no more to tty, but whether 3AqE~}~ 3AEq-}-Ec
be greater or lefs ‘than'B;*according: as we take 0.000084,
or 0.000083; for E. .

Which may conveniently be done in this manner : Take
3A--E, and Muliply this by E; (or E by it) fo have we
3AE-]-Eq. To this add 3Aq, and Maliply the whole by
E, (fo have we 3AqE -}- 3AEq-}-Ec,) to fee whether this
be greater or lefs than B. |

That is, in the prefent cafe, if we take E=0.60008y4,
and add to this A ==6.24, then is 6:240084=3A - E.
This mukiplied by E==0.000084,is 3 AE<}- Eq=0.000§24-}-.
To which if we add 3Aq=12.9792, it'is 3Aq-}3AE-}-Eq
== 12.979724. Which muliplied again by E=0.000084,
is 0.0010902 -}- = 3AqE +}- 3AEq -}- Ec,which is more than
B =0.001088.

~Bue if -we take E=10.000083, and proceed as before, we
thall have.3AqE -~ 3AEBq -Ec = 6.001077-, which is
lefs-than B=0.001088. ' And thereforé "(if we fubtra&-that
trom this ) the Remainder, ‘0.00001x; will be another B for
the next ftep, if we pleafe to proceed further.

Hitherto 1 have purfued the Method moft affected by the
Aucients, in feeking a Square or Cube (and the like of other
Powers) always lefs than the juft value, chat it might be fub-
rracted from the Number propofed, leaving B a Pofitive Re-
mainder ; thereby avoiding Negative Numbers.

But fince the Arithmetick of Negatives is now fo well un-
derflood, ic may in this (and other Operations of like Na-
are ) be advifable, to take the next greater (in cafe that be
nearer to the true value) rather than the next lefler. Of
whiciy I took notice in my Commercium. Epiftolicum, Epiff. 19,
Faw. 2. 1657 ina cafe more intricate than this is. And
which I cliewhere advife, in {eeking the Greareff Common Di-
wi/or of two Numbers, in order to the abbridging a Fra&ion,
or otherwile,

Accord-



(9)

According to this Notion, for the Square Root of §, i
would fay, itis (2+}-) fomewhat more than 2 ; and enquire,
How much more ? But for the Square Root of 8, 1 would
fay, it is (3 —) fomewhat lefs than 3 ; and inquire; How
much lefs? Taking (in both cafes) that which is nearcft 1o
the juft Value. ,

Thus, in the Cubick Root before us; 1 would take fos It
(in the laft Enquiry ) 0.000084 — (where , for the nex
ftep, we have B = —0.000002,) rather than 0.0000§} -}
(where, for the next fitep, we fhould have B=-}- 0.00c01:.}
In the latter cafe, we are to Divide B=-~c.oo00011, by
3Aq=12.980236—, tofind (by the Quotient) how much
is to be added to0 0.000083. In the other cafe, we aie w
Divide B = -~ 0.000002, by 3Aq—=12.980248, to fiad {by
the Quotient) what is to be abated of 0.000084. So have we

0.00001 T .
S —— oS s * & LI ;_‘
12980236 = 0.00000085 -}~ to be added to 6.240083: O

—0.000002

12.980248
it may fuffice, in either, to Divide by 1298-}-, or cven by
13. —-, without being incumbred wich a long Divifor j ei-
ther of which gives us, for the Root -fought, 2.0800838¢
proxime. True (at the third ftep) to the Eightb place of De-
cimal Parts. And it this be not near enough, the Cube of
this, compared with the Number propofed, will give us ano-
ther B for the next ftep. And {o onwards as far as we
pleafe.

Now, what is faid of the Cube, is ¢afily applicable to the
Higher Powers. '

I fha!l omit that of the Biquadrate ; bacaufe here perhaps
it may be thought moft advifable, to Extract the Square Reo:
of the Number propofed ; and then the Square Root ot that
Root.

But if we would do it at once, we are from W (the Num-
ber propofed, being not a Biquadrate) to Subtra& Aqq (the
greateft Biquadrate contained in it) to find the Remainder
B=4AcE -} 6AqEq-}- 4AEc--Eqq. Whick Remaiinder,
if we Divide by 4Ac, the Quotient wiil cerrainly be tos big
for E,(though perhaps not much:) If by 4Ac{-5Aq-}4A-}-1,
it will certainly be too little (ior reafons before mentioned. )
And we are to ufe cur dilcretjon in taking foms in-

rermadiate

= 0.0000001 5 -}~ to be ahated of 6240081 (Or
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termediate Number. And if we chance not to hit on the
neareft, the Inconvenience will be but this, that our Leap
will not be fo great as otherwile it might be. Which will
be rectified by another B at the next ftep.

For the Surfolide (of five Dimenfions) we are, from N
(the Number propofed, being not a perfe& Surfolide) to
Subtrac Aqc (the greateft Surfolide therein contained ) to
find the Remainder B= ¢ AqqE - 10 AcEq -}~ 10 AqEc
- yAEqq-}+ Eqc. Which (as before ) if we Divide by
5Aqq, the Refult will be fomewhat too big, ( becaufe the
Divifor is too little:) If by yAqq-f-10Act-10Ag-}-5 A1,
the Refult will certainly be lefs than the true E. The juft
value of E being fomewhat between thefe two, where we
are to ufe our difcretion, what Intermediate Number to take.
Which according as it proves too great or too little, is to be
rectified at the next ftep.

If, to dire& us in the choice of fuch intermediate Num-
ber, we fhould Multiply Rules or Precepts for fuch choice,
the Trouble of obferving them, would be more than the
Advantage to be gained by it. And, for the moft pare, it
will be fafe enough ( and leaft trouble ) to Divide by §Aqq,
which gives a Quotient fomewhat too big : Which we may
either Re&ifie at Dilcretion ( by taking a Number {omewhat
lefs ) or proceed to another B, ( Affirmative or Negative, as
the cale fiall require ) and fo onward to what exa&nefs we
pleafe. ( Which is, for {abftance, in a manner coincident
with Mr. Raphfon’s Method, even for Affeed Equations.

Thus, in the prefent cafe; If the Number propofed ke
N =33, thenis Aqc=32, and B=13—32=1 = yAqqE
~} 10 AcEq — 10 AqEc - ¢ AEqq -}~ Eqc. Which if we
Divide by §Aqq = § x 16 = 8o, the Refult 31 =o0.0125, is
fomewhat too big for E, but not much. And if we examine
it, by taking the Surfclide of 2.0r2¢, or of 24%, we fhall
find a Negative B (for the next ftep ) but not very confide-
rable. Or if we think it confiderable, we may proceed fur-
ther to another ftep, or more than fo.

The like Method may be applied ¢ and with more Advan-
tage ) in the Higher Powers, according as the Compofition
of each.Power requires.

And the fame Method may be of unfe (with good Advan-

tage) in long Numbers (if duly applied) even before we
come



(1)
come to the place of Unites, for the fame will equally
hold there alfo. Which the Reader may eafily apprehend
without a long Difcourfe upon it. '

How far this Method may be coincident with fome of
thofe before mentioned, I do not trouble my felf to enquire;
nor whether, or for what caufes, all or any of thofe may be
more eligible. My defign being only to fhew the true Na-
tural ground, from whence fuch Rules of Approach are (or
might have been ) derived; and by which (if there be oc-
cafion) they may be examined. And if I have done this,
it is what I did propofe.

In Affe&ed Equations (efpecially where the Coefficients
are great, and fome Affirmatives, others Negatives,) the
Cafes will be more perplexed. And to Muliply Rules for
each Cafe, would (I conceive ) increale the Trouble, with
no great Advantage. Which therefore I leave to the Prudence
of each (as occafion fhall require ) to take fome Intermedi--
ate, between a greater and a lefler. Orif they pleale to
accommodate that above mentioned ( out of Commerc. E-
piffol.) to the prefent cafe, which is there applied to a Cale
not lefs iniricate.  Or to make ufe of fomne of the Methods
delivered by others to this purpofe. Where this (withal } is
to be confidered, That fuch Affedted Equations are capable
of more Roots than one, according to the Number of Di-
menfions to which they arife.

1. 4.



